By introducing the concept of X U -order functions, we study the growth of analytic functions defined by Laplace-Stieltjes transformations which converge on the right half-plane. Some necessary and sufficient conditions on finite X U -order of these functions have been obtained. We also investigate the value distribution of Laplace-Stieltjes transformations with finite X U -order and obtain the existence of X U -points and X U -points dealing with multiple values of two Laplace-Stieltjes transformations which converge on the right half-plane. The main results of this paper are improvement and extension of some theorems given by Shang and Gao. MSC: 44A10; 30D15
Introduction and basic notes
Consider the Laplace-Stieltjes transforms
where α(x) is a bounded variation on any interval [, Y ] ( < Y < +∞), and σ and t are two real variables. We choose a sequence {λ n } ∞ n=
which satisfies the following conditions: 
is called the abscissa of uniformly convergent F(s).
It follows from (), () and Theorem A that σ Remark . From (), for any σ > , we have
This implies that μ(σ , F) exists. 
Theorem C (see [] ) If the Laplace-Stieltjes transformation F(s) of infinite order and sequence () satisfies () and (), then we have
where  < ρ * < ∞.
Remark . In Theorems B and C, the definitions of X-order and the function X(x) are introduced in Section .
Thus, a question arises naturally: What will happen when ρ * = ∞ in Theorems B and C?
In this paper, we investigate the above question by using the type functions U(x) to enlarge the growth of the denominator log  σ , where U(x) = x ρ(x) satisfies the following conditions:
).
Theorem . If the Laplace-Stieltjes transformation F(s) of infinite order has infinite
X-order, and sequence () satisfies () and (), then we have
where  < T < ∞.
Remark . If the Laplace-Stieltjes transformation F(s) of infinite order has infinite X-order and satisfies
then T is called the X U -order of the Laplace-Stieltjes transform F(s).
Remark . From Lemma . and Lemma . in Section , we can prove the conclusion of Theorem . easily.
Theorem . If the Laplace-Stieltjes transformation F(s)
has infinite X-order and sequence () satisfies () and (), then we have 
Then s =  is the X U -point of F(s) with finite X U -order ≥ T, that is, for any η > , the inequality
holds for any a ∈ C with one exception, where n(σ , , η, F = a) is the counting function of distinct zero of the function F(s) -a in the strip
{s : (s) > σ , | (s)| < η}.
Theorem . Suppose that sequence () satisfies () and (), and the Laplace-Stieltjes transformation F(s) is of infinite order. Let α(x)
= x  r(y)e it  y
dy, where r(y) is a continuous function on y ∈ [, +∞), r(y) ≥ , t  is a positive real number, and if F(s) satisfies (), then s = it  is the X U -point of F(s) with finite X U -order ≥ T, that is, for any η > , the inequality
lim sup σ → + X(n(σ , it  , η, F = a)) log U(  σ ) = ≥ T holds for any a ∈ C with one exception, where n(σ , it  , η, F = a)
is the counting function of distinct zeros of the function F(s) -a in the strip
{s : (s) > σ , | (s) -t  | < η}.
Theorem . Under the assumptions of Theorem ., l (≥ ) is a positive integer. Then s =  is the X U -point dealing with multiple values of F(s) with finite X U -order ≥ T, that is, for any η > , the inequality
holds for any a ∈ C with at most q (>  + [ The structure of this paper is as follows. In Section , we introduce the concepts of X-order and X U -order. Section  is devoted to proving Theorem .. Section  is devoted to proving Theorems .-..
Theorem . Under the assumptions of Theorem ., l (≥ ) is a positive integer. Then s = it  is the X U -point dealing with multiple values of F(s) with finite X U -order ≥ T, that is, for any η > , the inequality
lim sup σ → + X(n l) (σ , it  , η, F = a)) log U(  σ ) = ≥ T http://
The definitions of X-order and X U -order
We first introduce the concept of X-order of such functions as follows. 
Definition . [] If the Laplace-Stieltjes transform F(s) satisfies σ
By studying a lot of papers, we found that to control the growth of the molecule M u (σ , F) or μ(σ , F) in the definition of order, many mathematicians proposed the type functions U(x) to enlarge the growth of the denominator log  σ or -σ (see [, , , , ]). In this paper, we investigate the growth of the Laplace-Stieltjes transform of infinite order by using a class of functions to reduce the growth of M u (σ , F) or μ(σ , F) which is different from the previous form. Thus, we should give the definition of the new function as follows.
Let F be the class of all functions X(x) satisfying the following conditions:
, a > , is positive, strictly increasing, differential and tends to +∞ as x → +∞;
Definition . If the Laplace-Stieltjes transformation F(s) of infinite order satisfies
where
is called the X-order of the Laplace-Stieltjes transform F(s).
Remark . In particular, if we take X(x) = log p x, p ≥ , p ∈ N + , where log  x = log x and log p x = log(log p- x), X-order is p-order of the Laplace-Stieltjes transformations with infinite order.
Remark . In addition, X-order is more precise than p-order to some extent. In fact, for p (≥ ) being a positive integer, we can find a function X(x) ∈ F and a positive real function 
Proof We consider two cases as follows. Case . If β(x) is not a constant. From the assumptions of Lemma ., we can get that β(x) → ∞ as x → ∞. Thus, for sufficiently large x, we have β(x) > . From X(x) ∈ F, we have lim x→∞ log M(x) = ∞. Then from the Cauchy mean value theorem, there exists
that is,
Since xX (x) = o() as x → +∞ and lim sup x→∞
, by (), we can get the conclusion of Lemma . easily.
Case . If β(x) is a constant. By using the same argument as in Case , we can prove the conclusion of Lemma . easily.
Thus, the conclusion of this lemma is true.
The following lemma is very crucial in the study of the growth of analytic functions represented by Laplace-Stieltjes transforms convergent in the right half-plane which show the relation between M u (σ , F) and μ(σ , F) of such functions. 
Lemma . [, ] If the abscissa σ
where K(ε) is a constant depending on ε, () and
The proof of Theorem 1.2
We prove the conclusions of Theorem . by using the properties of two functions X(x) and U(x). This method is different from the previous method of [] to some extent. We first prove '⇐ ' of Theorem .. Suppose that
Then, for any positive real number τ > , for sufficiently large n, we have
where W (x) is the inverse function of X(x). Let V (x) and U(x) be two reciprocally inverse functions, then we have
Thus, we have
For any fixed and sufficiently small σ > , set
, that is,
If λ n ≤ G, for sufficiently large n, let V (exp{  T+τ X(λ n )}) ≥ , from σ > , (), () and the definition of U(x), we have
If λ n > G, from () and (), we have
()
For sufficiently large n, from () and (), we have
Since τ is arbitrary, by Theorem . and Lemma ., we can get
Suppose that
Thus, there exists any real number ε ( < ε < T  ). For any positive integer n and any sufficiently small σ > , from Lemma ., we have
From (), there exists a subsequence {λ n(p) }; for sufficiently large p, we have
Take a sequence {σ p } satisfying
From () and (), we get
. http://www.journalofinequalitiesandapplications.com/content/2013/1/273
From () and (), we have
Thus, from the Cauchy mean value theorem, there exists a real number ξ between
) and
) such that
then for sufficiently large p, we have
where K  is a constant. From () and (), we can get a contradiction. Thus, we can get
Hence, the sufficiency of Theorem . is completed. We can prove the necessity of Theorem . by using a similar argument as in the proof of sufficiency of Theorem ..
Thus, the proof of Theorem . is completed. http://www.journalofinequalitiesandapplications.com/content/2013/1/273
Proofs of Theorems 1.3-1.6
In this section, we give the definition of X U -order of Laplace-Stieltjes transformations in the level half-strip as follows.
Definition . Let F(s) be an analytic function with infinite X-order represented by Laplace-Stieltjes transformations convergent in the right half-plane. Set S(t  , l) = {σ + it : σ > , |t -t  | ≤ l}, where t  is a real number and l is a positive number. Let X ∈ F and
To prove Theorems .-., we need some lemmas as follows.
Lemma . If the Laplace-Stieltjes transformation F(s) is of infinite X-order, sequence ()
satisfies ( 
Proof We will prove this lemma by using a similar argument to that in [] . From the assumptions of Lemma ., for any  < x ≤ ∞,
Since F(s) is an analytic function with infinite X-order, from the above inequality and the definition of X U -order, we can get the conclusion of Lemma ..
Then (i) this mapping maps the horizontal half-strip B to the unit disc {z : |z| < }, and its inverse mapping is 
where N l) (r, 
where M(r, h) is the maximum modulus of h in the disc |z| = r < .
The proof of Theorem 1.3
Since sequence () satisfies () and (), the Laplace-Stieltjes transformation F(s) of infinite X-order, and lim sup n→∞
Hence, for any η >  and (), the inequality 
Proofs of Theorems 1.5 and 1.6
From Remark ., by using the same argument as in Theorems . and ., we can prove the conclusions of Theorems . and . easily.
